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Abstract 

We propose a brane-world, which contains flavor quarks and mesons, by em- 
bedding dimensionally reduced D7-brane in both the supersymmetric and non- 
super symmetric 5d background which are obtained as the solutions of type IIB 
supergravity compactified on AdSs x S 5 . In the supersymmetric case, the RS 
brane can be put at any point of the fifth coordinate, but it is pushed to the 
AdSs boundary in the non-supersymmetric case. We study the localization of 
the flavor mesons, the fluctuation-modes of D7-brane, on the Randall-Sundrum 
brane in these backgrounds. 
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1 Introduction 



It would be very powerful to use the gravity/gauge correspondence in getting non- 
perturbative insights of various gauge theories. This idea has been extensively studied 
in 5d gauged supergravity PP-[I] which can be formulated as the superstring theory 
compactified on AdS$ x S 5 . This theory is useful since it contains various scalar fields 
which correspond to the relevant and marginal operators of CFT. 

The advantage of the 5d supergravity is that it can be reconciled with the brane- 
world proposed by Randall and Sundrum (RS) [3]. In this brane-world, it is possible 
to consider 4d gravity since the graviton is localized on the brane. In order to obtain 
more realistic braneworld, however, it is desirable to set the braneworld in a background 
which corresponds, in a holographic sense, to the confining gauge theory with flavor 
quarks as in QCD. In such a brane-world, we expect to find mesons, the quark-bound 
states, which are localized on the RS brane as well as the graviton. 

Recently, a new idea to introduce flavor quarks has been proposed by Karch and 
Katz by embedding a D7-brane as a probe which is wrapping a contractible S 3 of 
S 5 in the AdSs x S 5 background in order to avoid the RR tadpole problem. At the 
price of this embedding, a tachyonic mode appears on the D7-brane, but the system 
is stable since the mass is within the Breitenlohner-Freedman bound [7j of the AdS 
background. Meanwhile, the brane-world is set in the AdSs accompanied with the 
compact S 5 as the inner space. In a similar sense, the S 3 is considered as the inner 
space of the embedded D7-brane, and the action of the D7-brane can be reduced to 5d 
by integrating over the coordinates of S 3 . Then we can set a system of supergravity 
and D7-brane which are dimensionally reduced to five dimensions. 

The purpose of the present paper is to study the problem of embedding the re- 
duced D7-brane in the 5d background of an appropriate brane-world according to the 
procedure given in [S]. And we also study the localization of the flavor mesons, which 
are given as fluctuation modes of the D7-brane, on the RS brane. The analysis is 
performed for the simple background studied before in [H]. 

In Section 2, we set up our brane-world model. In Section 3, in this brane-world, 
the dimensionally reduced D7 brane is embedded. In Section 4, the localization of the 
mesons are studied, and summary is given in the final section. 

2 Setting of a brane-world 

Here we set up our model of a simple brane-world to embed a dimensionally reduced 
D7-brane. Consider the lOd type IIB supergravity which includes the dilaton ($), 
axion (a) and five form field strength to obtain .M5 x S 5 space-time with the following 
form of the Einstein frame metric, 

r 2 I? 
ds 2 = —A 2 (r)r ] ^dx> 1 dx u + — (dr 2 + r 2 dnl) , (1) 
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where A(r) denotes a deviation of M.$ from the exact AdSs. The M.^ part, ds 2 = 
■j- 1 A 2 {r)r\ ilv dx ii dx v + ^dr 2 , is rewritten by using the new variable y, defined as r = 
e~ y / L , as follows 

ds 2 = A 2 {y)r] ilv dx tl dx v + dy 2 , (2) 
where A 2 = ^A 2 {r). This metric is also obtained from the following 5d theory, 



*« = / d 4 x»dy y/=gi±R- i(<9$) 2 - \e 2 "{daf - , 



(3) 



where V = —&/{L 2 k\).* This action is obtained from lOd supergravity by integrating 
out the compact S 5 part. And this is also equivalent to the 5d gauged supergravity 
written by dilaton and axion only. In this case, the potential V in S g is generally given 

as 



n0) = ^f^Y-^, (4) 



where W represents the superpotential of the theory and v denotes the gauge coupling t. 
In the present case, 4>i — a } an d V = —3. 

The supersymmetric solutions of S g are given by solving the following first order 
equations [12], 

1 1 vdW X v 

where ' = d/dy. However, for some non-supersymmetric solutions, there exists W 
which satisfies the above relations (jlj and (JHJ). This is the case known as the fake 
supersymmetry [T3]. 

The solutions are obtained under the ansatzs, 4>i — <fii(y)- Here we consider both 
the fake and the true supersymmetric cases. The AdSs solution is considered as a 
simple example for the supersymmetric case, 

A = 1, $ = $ , a = 0, (6) 

where <3>o is a constant and W = —3/2. As for the fake-supersymmetric case, we adopt 
the following solution [3 IE] , 

where vq is a constant and 

H/=~cosh(^/|$). (8) 

The solutions of this 5d theory can be easily lifted up to lOd. However, when the 
other scalars are added and they take some non-trivial configurations, it is non-trivial 

*In the following, we set as V — —3 for rc| = 2 and L = 1. 

^The gauge coupling parameter v is fixed from the AdSs vacuum by fixing the radius of AdS 
as a unit length. Here we set as v — —2. 



1/4 * /l + (r /r)V 3/2 
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to lift up the solutions to lOd, and S 5 has been deformed to a complicated geometry 
jU]. In this case, it is not simple to embed the D7 brane in this lOd background. 

The brane-world solution is obtained by solving the following system, 

S = S g + S h , (9) 
where is the action of the RS-brane. Here, we set St> as follows, 

S b = -v J #xdyy/=gW{<t>i)8{y - y b ). (10) 

where y b denotes the brane position. In solving the equations of motion of S g + S&, 
the role of the brane action is to give the boundary conditions for the bulk solution of 
S g . Meanwhile, these conditions for $ and A are equivalent to the above equations © 
evaluated just on the point y = y b . Then, at any point of y b , all the solutions of (jSJ) 
satisfy the boundary conditions given by Sb of the form of (jlOj) llj. So it is enough 
to solve equations (0) to obtain the brane-world solution which satisfies the boundary 
conditions at y b . In other words, it is possible to put the brane at any point on the 
y— axis. This situation is not changed even if the "superpotential" W is given by (jSJ) 
with the fake-supersymmetic solution given above. 



3 Reduced D7-brane and its embedding 

In jH], we have given an explicit embedding of D7-brane as a probe in the lOd back- 
ground ((H). Rewrite the metric (JTJ) as 

r 2 L 2 
ds 2 w = jj i A 2 (r)r]^dx tl dx v + -j (dr 2 + r 2 dQ 2 5 ) 

= ^A 2 (r)^ u dx»dx» + ^ (j^{dX m f + i2(dX 1 ) 2 ) , (11) 

and the four dimensional coordinates {X m } are further rewritten in the polar coordi- 
nate as 

7 

^(dx™) 2 = dp 2 + P 2 dnl, (12) 

m=4 

where p 2 = J2 7 m =4 : (X rn ) 2 . Then, the world-volume of the D7-brane is taken as p, f2 3 }. 
As mentioned above, the D7-brane is wrapping on the contractible S 3 , and we notive 
the relation r 2 = p 2 + (X 8 ) 2 + (X 9 ) 2 in this case. 

The remaining part of the embedding procedure is to determine the shape of the 
D7-brane in its outer two dimensional space, (X 7 ,X 8 ). This is performed by solving 
the equations of motion of two scalar fields in the D7-brane action, which is written as 

13 

Sdj = -T 7 / A (e-*VQ + , (13) 
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Table V. Coordinate conventions 



where Q = —det(Qij), i, j — ~ 7. Q^j denotes the induced metric and r 7 is the 
tension of D7 brane. The eight form potential A^...^, which is Hodge dual to the 
axion, couples to the D7 brane minimally. It is obtained as Frg\ = dA^ in terms of 
the Hodge dual field strength [TQ| . We take the gauge, £ l = { x M , p, 6^ }, where 
Qi (j = 1 ~ 3) denote the angle variables of S 3 , and we make an ansatz for the two 
scalar fields X 8 (£) and A 9 (£) as X 9 = w(p) and X 8 = 0, without loss of generality. 
Then, the induced metric and the explicit form of the action ()13|) are obtained as jHj 

ds 2 8 = e*/ 2 {^A{rf n^dx" + l -±^L 2 dp 2 + ^L 2 dQ 2 3 ) (14) 

Sm = -r 7 J d^yfe(L% + L%f), (15) 

L% = p 3 (e* A(r) *yfl + {w'f + C 8 (r)) (16) 

where Cg(r) denotes the contribution of the eight form potential, and the fluctuations 
of D7 around its classical configuration are included in L^j. 

Here w(p) is solved independently of the angle variables 6 % on S 3 , so the form of 
the solution w is preserved even if the action was reduced to 5d by integrating over 9 l . 
As a result, we can reduce the above action as 

Sgf = -27T 2 t 7 J d^dp (L% + Lf, u 7 c ) . (17) 

Thus we obtain the D7-brane action which is dimensionally reduced to the 5d. Here 
we notice the relation, r 2 = p 2 + w 2 (p), for r and p. We preserve the interpretation of 
r or p as the energy scale of the field theory on the brane, so we select the solution of 
w(p) such that it could give the one to one correspondence between r and p jH]. 

We are now ready to embed the reduced D7-brane in the 5d brane-world. As done 
in lOd, it is embedded as a probe such that the given background configuration is not 
altered. This is performed by solving the equation of motion for w, which is obtained 
from So7 only in the brane-world background. However we impose Z 2 symmetry with 
respect to the coordinate y as, 

w(y) =w(\y -y b \). (18) 
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Then the equation of w is obtained as 



t 7 



F(P) 



2w'G(p) 
(1 + w' 2 ) 3 / 2 



0. 



(19) 



where w' = dw/dp, 5 W L C ^ 7 = d w L% 7 — d p {d w iL c ^, F(p) = p^e^A 4 and G(p) = 
(p + ww') 2 /p 2 . And pb denotes the position of the brane on the coordinate p, defined 



as e 



-2y b /L ( 



'&) = Pb + w2 (Pb)- The 5-function of Eq.(fT9"j) comes from the Z 2 symmetry 
at y = yb, and the factor G(p) appears when the p-derivative is changed to the y- 
derivative. For p < p b , the field equation for w, 5 W L% 7 = 0, is written as 



w" + (1 + w 



I 2\ 



w' + 2Km {pw' - w) 







(20) 



where = d r 2 log(e A ), and the boundary condition, 



w'{p b 



. 



(21) 



For the super-symmetric background ©, Km = 0. Then we find the solution 
w'(p) = (w =const.) which preserves the super-symmetry of the system [Hj, and the 
condition (J21)) is satisfied at any p. While, for the non-supersymmetric background 
((7j), Km 7^ 0, then w'(p) ^ and the boundary condition is not satisfied except at 
p = and p = oo since w(p) decreases monotonically with p. For finite pb, then, 
the condition (|2*T|) selects the super-symmetric solution. And the RS brane in the 
non-supersymmetric background is pushed toward the boundary, p b = oo. 

As another possible boundary condition, we may consider G(pb) = 0, and we get 

w(p b )w'(pb)+pb = 0. (22) 

This is equivalent to d p r(pb) = 0. Meanwhile r(p) must increase monotonically with p 
since it should be a single valued function of p due to the requirement of the one to one 
correspondence between r 2 (= p 2 + w(p) 2 ) and p. Thus, the points which satisfy the 
condition, d p r(pb) = 0, are again restricted to pb = and pb = oo. Then this condition 
is not useful as the boundary condition. By the same reason, F(p b ) = is also rejected 
as a useful boundary condition. After all, we find that only the supersymmetric solution 
satisfies the meaningful boundary condition (|21j). 

Here we remember the asymptotic form of w at large p, 

w(p) =m g + c/p 2 , c (23) 

and the meaning of the parameters in it. Namely m q represents the quark- mass and c 
is the vacuum expectation value of bi-linear operators of quark fields ( 1 J r ) in the dual 
gauge theory. Then we can see (\E , \I>) = and w = m q in the supersymmetric case. As 
a result, the chiral symmetry is preserved. 

In the above analysis, we have ignored the interaction between D7 and RS brane 
since D7 should be treated as a probe. However, the situation is not changed even if we 
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solve the equation of w by taking into account of the brane action as, Sm + Sb , since 
Sb does not depend onto. In other words, the shape of the D7-brane is independent 
of the RS brane. So we need the back-reaction from the bulk in order to change the 
situation of the embedding. But this is out of the present work. 



4 Meson localization 

In the next, we study the fluctuation- modes of the embedded D7 brane. Some of them 
are trapped on the RS brane, and they might be observed as mesons in our 4d world. 
Then, the trapped modes are defined as the normalizable one for the integration over 
P- 



4.1 For finite pb 

In this case, only the supersymmetric embeddings are allowed. So the background is 
given by ©, and the quadratic parts of the fluctuations, 8 = X 8 , 9 = X 9 — w and 
vector, are written as 

L% = P 3 \\e^ £ {d^f + F ab F« b + ■■) (24) 

[ z r i=8,9 J 

where w is a constant, w(p) = w(oo) = m(= m q /2ii). The dots denote the higher 
order terms which can be neglected here. 

For the scalar, we obtain the same field equation for 8 and 9 , then they are 
denoted by for the simplicity. The field-equation is written as [T4] 

%<i> + -d p <f> = - ( a* ^, (25) 

where M 2 is defined as rj^d^d^ = M 2 0. In the present case, <fi is Z 2 symmetric at 
the brane position y^, so we must solve the equation (f25j) by imposing the following 
boundary condition, 

<f>'(p b ) = 0. (26) 

Before studying the trapping in the brane-world by using the boundary condition 
(|26jh we consider the normalizable modes which could be observed at the boundary 
Pb = oo. This analysis is useful for finding the localized modes on the brane since the 
mass eigen-values of the localized modes on the branes at different pb should be related 
to each other by the smooth functions of pb in all the region < pb < oo. In this sense, 
the spectra, which should be observed on the boundary, are considered as the one at 
the starting point. 

The Eq.(J2SJ) is solved as 



= (p 2 + m 2 y a f Cl F(-a, -a + 1, 2; -p 2 /m 2 ) + c 2 p~ 2 F{-a - 1, -a, 0; -p 2 /m 2 )) 



(27) 
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where C\ and c 2 are arbitrary constants, and a — (1 + J 1 + M 2 L i /m 2 )/2. In order to 
find the trapped modes, consider the normalizability condition for 0, 

p» , / L 2 \ 2 
*p 3 k-l 2 (p)<oo. (28) 
yp^ + m^y 

We estimate this condition for (i) m ^ and (ii) m = separately. For the case of (i), 
the above integral near p ~ is approximately estimated as 

dp p 3 2 (p) < 00. (29) 



Meanwhile, the solution (}2*T|) is expanded near p ~ as, 

= Cl (l + c\p 2 + ■■■) + c 2 p" 2 (l + 4p 2 + ■■•), (30) 

where the calculable coefficients. Then we find that the solution of c 2 = 

satisfies fl2Uj) . However, for the case of (ii), the condition (j2T?j) is replaced by 

/ d ± 2 (p) < 00. (31) 
Jo p 

Then we must take as c\ = c 2 = 0, namely = 0, to satisfy (}3*Tj) . In other words, 
there is no localized state in the case of m = for the supersymmetric case. So the 
interesting case is restricted to the case of massive quark. 

On the other hand, at large p, the normalizability condition ()28|) is approximated 
for any m as, 

— 2 (p) < 00. (32) 
P 

And the solution of c 2 = 0, the first term of (J27)) . is expanded at large p as, 

0/ci = &o(a)(l + &i(a)/p 2 + •■■)+ d (a)p- 2 (l + di(a)/p 2 + •■■), (33) 

where the coefficients bo(a) and d (a) are the functions of a. From (J32j) . we demand 
bo(ct) = 0. As a result, we get a = n + 1 with the integer n [T3], and we thus find 
infinite series of discrete meson mass. 

We now return to the case of the brane-world. In this case, pb is finite and we need 
the boundary condition (j2*U|) at p& instead of the normalizable condition at large p (|3^|) 
given above. In order to satisfy (}2l)j) . b (a) / d (a) should be fixed to an appropriate 
value /, which depends on p b , 

b (a)/d (a) = f(p b ), (34) 

and / should satisfy the condition, /(oo) = 0. From this equation, we could find 
the mass eigen-values. Here, we can see this statement by a numerical analysis. For 
different three values of p b , the value of <p' as a function of a is shown in the Fig^ We 
find that the values of a at each zero point of 0' shift to larger a side from the integer 
point, which are given by a = n + 1 for p b = 00, smoothly when p b decreases. 

We could conclude as follows. Also on the RS brane, in the present supersymmetric 
braneworld, we can see the meson mass-spectra, which shift to the massive side when 
the brane moves to the smaller p b . 
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Fig. 1: 0' vs a for m = 1. The curves a, b and c represent {0' x 10 9 ,pb = 10 3 }, 
{0' x 10 6 ,p fe = 10 2 } and {0' x 10 3 ,p 6 = 10} respectively. 



4.2 Non-supersymmetric background 

For non-supersymmetric background, we must take p& = oo. In this case, the field 
equations for 8 and 9 are complicated, but the equations for both fields have the same 
asymptotic solution with the one given for the supersymmetric case by the equation 
()3(Jj) at small p and at large p respectively. In the present case, however, the 
normalizable condition has a different form from (J28j) and it is given as 

poo ( T 2 \ 2 

l d PP *e* J 0(p) 2 < oo (35) 

where denote 8 or 9 . 

In the small p region, we find the following approximated condition 

/ dpp 3 (p(p) 2 < oo . (36) 
Jo 

It should be noticed that this condition is not changed even if m = because, in the 
limit of p — > 0, we find 

r 2 = p 2 + w 2 (p) -> w 2 (0) ^ 

for the non-supersymmetric case and that e* and A approach to the constant jH|. This 
is an important point to be discriminated from the supersymmetric case. And (}3l)j) 
is satisfied by the first one of the two independent solutions given in fl3()D . Then we 
expect to find normalizable modes or the meson spectra on the RS brane for any value 
of m. 

At large p, ()35|) is approximated by (|32|h and the asymptotic solution for is 
also the same form with (|33j). Then, we can choose the second series of ()33|) as the 
normalizable solution, and many number of normalizable modes are found for both 
s and 9 . Especially, for the case of m = 0, we find one mass-less mode for s 
as the Nambu-Goldstone boson due to the spontaneous chiral symmetry breaking. 
Actually, these points have been shown in ^3 EH] when the RS brane is absent. In 
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the present case, from the Z2 symmetry, we need new conditions for the modes are 
d p (j) 8 \ p=00 = d P 4> 9 \ p=O0 = 0. And all the normalizable solutions satisfy this. Then it 
would be straightforward to find the meson-spectra on the RS brane. 

5 Summary 

Here, we consider a class of background solutions, M. h x S 5 , of IIB superstring theory 
in order to construct a braneworld in which mesons are trapped on the RS brane. The 
brane- world is set in the uncompactified 5d part A4$ of these solutions. Its effective 
action can be obtained from the lOd theory by integrating over the inner compact 
space, S 5 . They are also obtained from the 5d gauged supergravity with the dilaton 
and the axion. Any solution of this 5d theory can be easily lifted up to the one of the 
lOd theory on Ai 5 x S* 5 . On the same footing, the action of the D7-brane is reduced to 
5d by integrating over S 3 , which is regarded as the inner compact space of the D7-brane 
here. 

After setting the stable RS brane, which can be put at any position of the fifth 
coordinate pi, we like, for the 5d background given here, the reduced D7 brane is 
embedded in this background as a probe in the sense that the D7 brane does not 
change the given 5d configuration. The embedded form is obtained by solving the 
scalar field equation of the D7 brane action. For finite p&, only the supersymmetric 
embedding is allowed and the quark mass is arbitrary in this case. The chiral symmetry 
of the corresponding gauge theory is then preserved for the mass-less quark. When the 
quark mass is finite, the series of meson mass-spectra are observed as trapped states 
on the RS brane. 

In the non-supersymmetric case, on the other hand, the brane is retained on the 
boundary, pb = 00. In this case, the situation is similar to the case of lOd gauge/gravity 
correspondence. We can then observe the spontaneous chiral symmetry breaking and 
infinite series of the trapped mesons on the RS brane. And we assure the existence of 
the Nambu-Goldstone boson, which is generated as a result of the spontaneous chiral 
symmetry breaking. 

In any case, we could show a model of a braneworld which includes flavor quarks 
and their bound states on the RS brane. It would be an interesting problem to study 
the brane-world cosmology including hadrons in terms of the model presented here. 
We will discuss on this point in the near future. 
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